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Abstract 



(-H , The aim of this work is to study the properties of groups of operators for evolution equations 

^ i' of quantum many-particle systems, namely, the von Neumann hierarchy for correlation operators, 

the BBGKY hierarchy for marginal density operators and the dual BBGKY hierarchy for marginal 
C ' observables. We show that the concept of cumulants (semi-invariants) of groups of operators for 

the von Neumann equations forms the basis of the expansions for one-parametric families of 

operators for evolution equations of infinitely many particles. 
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1 Introduction 

^^ ', Recently we observe significant progress in the study of the evolution equations of quantum many- 

^— ^ I particle systems [I],l2]- In particular it is involved in such fundamental problem as the rigorous 

derivation of quantum kinetic equations [3]- [9]. 

As is well known, there are various possibilities to describe the evolution of quantum many- 
r> I particle systems [l|. The sequence of the von Neumann equations for density operators [2],[ll], the 

C^ ■ von Neumann hierarchy for correlation operators [23], the BBGKY hierarchy for marginal density 

operators [TT] and the dual BBGKY hierarchy for marginal observables [T] give the equivalent ap- 
proaches for the description of the evolution of finitely many particles. Papers [23]- [27] constructed 
the one-parametric families of operators that define solutions of the Cauchy problem for these evo- 
lution equations. It was established that the concept of cumulants (semi-invariants) of groups of 
operators for the von Neumann equations forms the basis of the one-parametric families of operators 
of various evolution equations of quantum systems of particles, in particular, the BBGKY hierarchy 
for infinitely many particles |23j . 

The aim of the paper is to investigate properties of groups of operators for evolution equations 
of quantum many-particle systems related with their cumulant structure on suitable Banach spaces. 
In the beginning we will formulate some necessary facts about the description of quantum many- 
particle systems. 
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1.1 Group of Operators for the von Neumann Equation 

Let a sequence / = (/, /i, . . . , /„, . . . ) is an infinite sequence of self-adjoint operators /„ (/ is a unit 
operator) defined on the Fock space Tn = 0^q'H®'^ over the Hilbert space Ti {HP = C). Operators 
fn defined in the n-particle Hilbert space Tin = Ti®'"' we will denote by /n(l, • • • ,ra). For a system 
of identical particles obeying Maxwell-Boltzmann statistics, one has /n(l, ■ ■ ■ ,n) = fn{h, ■ ■ ■ ,^n) if 
{ii,...,in} G {l,...,n}. 

Let £^(^7^) = 0^Qa"£^(7Y„) be the space of sequences / = (/, /i, . . . , /„, . . . ) of trace class 
operators /„ = /n(l, • • • , re) € 2^{TCn), satisfying the above-mentioned symmetry condition, equipped 
with the trace norm 



oo 



\\fhii^n)=Yl «"ll/nlIi^MWn)=E «"Tri,...,,|/„(l,...,n)|, 

n=0 n=0 

where a > 1 is a real number, Tri^,,,^n is the partial trace over 1, . . . ,n particles. We will denote 
by £^0 the everywhere dense set in £^(^7^) of finite sequences of degenerate operators [2] with 
infinitely differentiable kernels with compact supports. We will also consider the space £^(^7^) = 

We note that the sequences of operators fn G £^(7^n), n > 1, whose kernels are known as density 
matrices |12j defined on the n-particle Hilbert space Tin = 7i®^ = L^(M''"'), describe the states of a 
quantum system of non-fixed number of particles. The space £}{T'h) contains sequences of operators 
more general than those determining the states of systems. 

The evolution of all possible states of quantum systems is described by the initial-value problem 
to the von Neumann equation [lOllllj. A solution of such Cauchy problem is defined by the following 
one-parametric family of operators on S^^T-j-i) 

M^ 9 t ^ Q{-t)f := U{-t)fU-^{-t), (LI) 

where / E 2}{Tn) and U{-t) = 0- ^^/^(-t), 

Z^„(-t):=e-i*^", 

^H-t):=e**^", (L2) 

Uo{—t) = / is a unit operator. The Hamiltonian H = 0^o^" i^ (|1.2p is a self-adjoint operator 
with domain V{H) = {ip = ®^=o^pn € Th \ i^n & ^(i^n) C W„, EJHn^PnW^ < 00} C ^H PI]. 

Assume H = L^(R^) then an element ip G ^7^ = 05^o-^^(^^") ^^ * sequence of functions ip = 
{ipo,i^i{qi),---,i^n{qi,---,qn),---) such that |I^|p = IV'oP + Yln=i ! dqi ■ ■ ■ dqn \'lpn{qi,---,qn)? < 
-l-cxD. On the subspace of infinitely differentiable functions with compact supports ipn G Lq(R^") C 
L^(R^"), n-particle Hamiltonian Hn acts according to the formula {Hq = 0) 

^2 n n n 

Hni^n = -YY.^1^'^^ + Yl Y. ^^'^(%i,---,giJV'n. (L3) 

j=l k=lii<...<ik=l 

where ^^ ' is a A;-body interaction potential satisfying Kato conditions [14j and h = 2TTh is a Planck 
constant. 

We remark that the nature of notations (jl.2p used for unitary groups e «* "is related to the 
correspondence principle between quantum and classical systems pj and is a consequence of the 
existence of two approaches to the description of the evolution of systems in the framework of 
observables or states. 

The properties of a one-parametric family {^(— t)}igiR of operators (jl.ip follow from the properties 
of groups (jl.2p described, for example, in [12] . 



Proposition 1.1 (|10j.[TT]). On the space £^(^7-^) mapping (jl.ip defines an isometric strongly con- 
tinuous group, i.e. one is a Co-group, which preserves positivity and self-adjointness of operators. 

If f € £o(-^w) "^ T>{—M) C £}{J^'}i) then in the sense of the norm convergence of the space 
^^i^T-l) there exists a limit that is determined the infinitesimal generator: —M = ©^o(~-^") ^^ 
group (|1.1|) 

limi(g(-t)/ - /) = -'-{Hf - fH) := -Mf, (1.4) 

where H = 0^q ^n is the Hamiltonian (|1.3p and the operator: (—i/h){Hf — fH) is defined on the 
domain T>{H) C J-'h- 

Group of operators (jl.ip and infinitesimal generator (jl.4p studied witliin the framework of kernels 
and symbols of the operators in [12] and for the Wigner representation in [19] . Some applications of 
evolution groups of quantum systems are considered in [18] . 

1.2 Group of Operators for the Heisenberg Equation 

The adjoint to 2}{T'h) space is isometric to the space ^'{J-'n) of sequences g = [l,gi, . . . , gn, • • • ) of 
bounded operators gn {I is a unit operator) defined on the Hilbert space Hn satisfying symmetry 
property 5n(l> • • • , n) = gn{ii, • • • , ^n) for {ii, . . . , in} € {1, . . . , n} with an operator norm. The space 
il{Tn) is dual to the space £^{J^-}i) with respect to the bilinear form 



00 ^ 

(dlf) = X] — Tri,...,n gnfn- (1-5) 

n.=0 

We will also consider more general space £^(.7>^) than £(.7>^) with a norm 



2_ 

n>0 n\ 



|5||£,{^H) = max — ||5n||£(W„), 



where < 7 < 1 and ||-||£{-?^„) is an operator norm [14] . 

An observable of finitely many quantum particles is a sequence of self-adjoint operators from 
^■yi^n) ^iid positive normalized continuous linear functional (jl.Sp on the space of observables is 
interpreted as its mean value [13]. The case of the unbounded observables can be reduced to the 
case under consideration |10j . 

The evolution of observables is described by the initial- value problem to the Heisenberg equation 
(the dual von Neumann equation) |10[ [TT lj. On i2(jr-^) a solution of the Cauchy problem to the 
Heisenberg equation is defined the following one-parametric family of operators [1_0J 

M^ 9 t ^ g{t)g := U{t)gU-^{t), (1.6) 

where lA{t) = 0^o^"(*) ^^'^ ^^^ operators Un{t), U'^it) are defined by formulas p.2p . Mapping 
Git) dLS]) is adjoint (dual) to g{-t) (fTTj) . 

Proposition 1.2 ([10j.[T3]). On the space £,y{J^-}i) mapping ()1.6p defines an isometric *-weak con- 
tinuous group, i.e. one is a Cq -group. This group preserves the self-adjointness of operators. The 
infinitesimal generator M = 0^o ^"n- ^f ^^'^^ group of operators is a closed operator for the *-weak 
topology and on its domain of the definition T>{J\f) C £^(.?>^) which is the everywhere dense set for 
the *-weak topology it is defined in the sense of the *-weak convergence of the space H^iJ-y) by the 
formula 

^*-]imUg{t)g - 9) = -UgH - Hg), (1.7) 

where H = 0,^q -ffn ^s the Hamiltonian (jl.Sp and the operator: J\fg = {—i/h){gH — Hg) is defined 
on the domain T>{H) C Tu- 



1.3 Cumulants of Groups of Operators 

Further to the group {Q{—t)}t(zM. we will also consider more general mappings on the space £^(^-^). 
Namely let us expand the group G{—t) = 0^o Gn{—t) as following cluster expansions 

Gn{-t,Y)= E n 2l|x,|(t,^i), n = \Y\>0, (1.8) 

P:Y=\J^X, X,CP 

where ^p is the sum over all possible partitions P of the set Y = (1, . . . ,n) into |P[ nonempty 
mutually disjoint subsets Xi C Y. A solution of recurrence relations (jl.Sp is determined by the 
expansions [26j 

2i„(t,y)= Yl (-i)"''^'(|Pl-i)! n ^l^.|(-*'^^)' ^ = l^l>0' (1-9) 

P-Y=[j,X, X,CP 

where the notations are similar to that in formula (jl.Sp . The operator 2t„(t) we refer to as the nth- 
order cumulant (semi- invariant) of evolution operators (jl.ip . Some properties of cumulants (jl.9p 
considered in [23] . 

The generator of the Isi-order cumulant is given by operator (jl.4p . i.e. 

limi(2ti(t,y) - l)fn{Y) = -Nn{Y)fn{Y), 

where for /„ € £,Q{'Hn) this limit exists in the sense of the norm convergence of the space £^(7Yn)- 

The infinitesimal generator of the nt/i-order cumulant, n > 2, is an operator (— AAjj^ ) defining by 
n-body interaction potential (jl.3p . According to the equality 

n 

^ (_l)|Phi(|P| _ 1)1 = ^(_i)^-is(n, k){k - 1)! = <i, (1.10) 

P:Y=[JiX, fc=l 

where s(n, k) is the Stirling numbers of the second kind and 5n,i is a Kroneker symbol, for the 
nth-order cumulant, n > 2, in the sense of a point-by-point convergence of the space £^(7^„) we have 

iimi2i„(t,y)/„(y) = Y. (-i)i''i-H!P| -i)!E (-■^^d(^^))/"(^) = 

~* P:Y=[J^X, XiCP 

Y (-i)i^i-^(ip|-i)!E E E (-A/;Lt^(n,...,^.))/n(n 

P:Y=[j^Xi X,CP fc=2 ii<...<ifcG{XJ 

Here for the operator $("■-' from Hamiltonian (jl.Sp the operator A/'jj^ is defined by the formula 



in). 

(k) 



<':Vn:=-^(/n<^('^)-'5(")/n). (l-ll) 



Summing coefficients before every operator M-^^^ we deduce 

iiml2i„(i,y)/„(y) = -Af^;^{Y)UY), (1.12) 

Thus for /„, € £q(7^„) the generator of the nth-order cumulant is defined by formula (I1.12|) in the 
sense of the norm convergence of the space £^{7in)- 

The dual cumulants of the groups Q{t) = ©^q ^n{t) (ll-Bh will be introduced in Section 4. For 
classical many-particle systems cumulants of evolution operators were introduced in |26j . |27j . 



2 Group of Operators for the von Neumann Hierarchy 

The evolution of correlations of quantum finitely many particles is described by the von Neumann 
hierarchy for the correlation operators [23]. It is an equivalent approach for the description of the 
evolution of all possible states of quantum many-particle systems in comparison with the approach 
formulated above. 

In what follows we will use such abridged notations: Y = (1, . . . , n) and Ip = {Xi, . . . , ^ipi) is a 

IPI 
set whose elements are |P| mutually disjoint subsets Xi C Y oi the partition F : Y = IJiJi^j- The 

|P|t/i-order cumulant ()1.9p in this case we denote by 2l|p|(t,lp). 

A solution of an initial-value problem to the von Neumann hierarchy is defined by a one- 
parametric family of nonlinear operators [T5] constructed in |23] with the following properties. 

Theorem 2.1. If fn G 2^{Tin), n>l, then the one-parametric family of nonlinear operators 

p.y=[j,x, x,cp 

is a Co-group. On the subspace £o(7^„) C 2,^ (Tin) the infinitesimal generator 91 of group (|2.ip is 
defined by the operator 



(^(/)) jy) := -Mn{Y)f^{Y) + 



|p| 



E E -^ E (-^;!r'"''(z.,...,z,P,))^/™(^.). *'^'> 

P:Y = [j^X„ ZiCXu Z|p|CX|p|, X,CP 

|P| > 1 Zi7^0 ^|p|7^0 

where the notations are similar to that in (II. Sp and the operator J\f^^^ is defined by formula p. lip . 
Proof. Mapping (12. ip is defined for /„ G i2^(7i„), n > 1, and the following inequality holds 

ll(2l*(/))JLi(.,„)<-!e'""''c"> (2.3) 

where c := max ||/|Xj|(^i)ll ^ir-H )■ Indeed, since for /„ G il^{Hn) the equality holds [23] 



P--Y=[J,X, 

'T^l,...,n\Qni-t)fn\ = \\ fn\\ £,->- (Hn) ^ 



we have 



P:y=U,X,p':yp=U,Zfc ^.CP 

|P| |P| 

Y, clP|^K|P|,fc)(fe-l)!< Y clP|^fe|P|-i<n!e2"+ic-, 

P:Y=\J.Xi k=l P:Y=\J^Xi fc=l 

where s([P|, A;) are the Stirling numbers of the second kind. That is, (2li(/)) € S}{7in) for arbitrary 
t G M^ and n > 1. 

The group property of a one-parametric family of nonlinear operators (|2.ip . i.e. %ti (21*2 (/)) = 
2tt2 (21*1 (/)) = 2tti+t2(/), was proved in 



The strong continuity property of the group {^t}teR over the parameter i € M^ is a consequence 
of the strong continuity of group (jl.ip of the von Neumann equation [10]. Indeed, according to 
identity (|1.1U|) the following equality holds: 

E E (-i)"'''"'(ip'i - 1)! n -^i^^K^*) = /"(^)' 

Therefore, for /„ G £j(W„) C H^^n), n > 1, we have 
lim||(2l,(/))jy)-/„(y)||^,(^^)< 

P:Y=U,X, F':Yp=[j,Z, Z,CP' ^»CP 

In view of the the fact that group {Gn{—t)}tem (jl.ip is a strong continuous group, which implies that, 
for mutually disjoint subsets Xi C Y, if /„ € i2Q(7i„) C £^(7^„) in the sense of the norm convergence 
£^(7^n) there exists the limit 

lhll( H g^z^^{-t,Zk)fn-fn)=0. 
ZkCP' 

Thus if / € £,^{J-'t-i) we finally obtain 

li-||(2tt(/))„-/nLi(^„) = 0. 

We now construct the infinitesimal generator 91 of group (|2.ip . Taking into account that for 
fn € £q(7i!„) equality (|1.4p holds, we differentiate the |P|t/i-order cumulant 2l|p|(t, Ip) for all ^„ G 
T>{Hn) C T^n in the sense of the point-by-point convergence. According to equality (J1.12p for |P| > 2 
we derive 

iimi2i|p|(t,yp)/„V'n= Y. (-i)"'''"H|p'l-i)! E (-■^^.K^'^))-^"^" 

( E l^rl) (2-4) 

= E ••• E (--^inr ' (^l,...,^|P|))/n^n, 

Zi ^ Z|p| ^ 

where Y2z cx is a sum over all subsets Zj C Xj of the set Xj. Then in view of equality (j2.4p for 
group (|2.ll|) we obtain 



limi((2li(/))^-^)V^„ = limi( j; 2l|p|(i,lp) J] f\x.\iX^) - fn{Y))lPn 

^ ^ p.y^y^jf^ X,CP 

= liml(2li(f,y)/„-/„)^„+ ^ linii2l|p|(t,yp) J] /|x.|(^*)V'r, 



p : y = u,^», -^^CIP 

IP1>1 



Pi 



+ E E ••• E (--Mnr (^i,---,^iPi)) n /i^.i(^^)V'- 

P:y = Ui^i, ^iCXi, Z|p|CX,p,, ^iCP 

|P| > 1 ^17^0 ^|P|^0 



Thus for / G £q(^-^) C P(9T) C iL^^T-yi) in the sense of the norm convergence £}{T-in) we finally 
have 

We give an example which illustrates the structure of expansion (|2.1|) . For the correlation oper- 
ators / = (O, /i(l), 0, . . . ) that is interpreted as satisfying the "chaos" property [IJ, we have 

n 

(2li(/))„ = 2l„(t,l,...,n)n/i«> n>l, 

i=l 

i.e. if at the initial instant there are no correlations in a system, the correlations generated by the 
dynamics of a system are completely governed by cumulants of groups (jl.ip . 

We now consider the structure of infinitesimal generator ()2.2p for a two-body interaction potential 



(9T(/)) jy) = -A/:„(y)/„(y) + Y. T. H (-AA£^(zi,i2))/|x.|(^i)/|x.|(^2), 

P:y=XiU^2 ne{Xi}i26{X2} 

where the symbol ^p. y=x I ix means summation over all partitions of the set Y into two nonempty 

parts Xi and X2 and the operator J\f^^^ is defined by formula (jl.lip . For classical systems this 
generator is an equivalent notation of the generator of the Liouville hierarchy ^20j formulated in |2ij . 

3 Group of Operators for the Quantum BBGKY Hierarchy 

The evolution of all possible states both finitely and infinitely many quantum particles is described 
by the initial- value problem to the BBGKY hierarchy for marginal density operators [llJ,[24J. For 
finitely many particles this hierarchy of equations is an equivalent to the von Neumann equation. 

We will use notations from the previous section. Since Ip = (^1, . . . ,-'^|p|) then Yi is the set 
consisting of one element of the partition P (|P| = 1) of the set Y = (1, . . . ,s). In this case for n > 
the (1 -|- n)t/i-order cumulant of operators (II. ip is defined by the formula 

^i+n{t,YuX\Y):= Yl (-1)I^I''(|P|-1)! n 0\xM-i^Xi), (3.1) 

P:{Yi,X\Y}=[j^X, X,CP 

where ^p is the sum over all possible partitions P of the set {Yi, X \ Y} = {Yi, s -|- 1, . . . , s -|- n} 
into |P| nonempty mutually disjoint subsets Xi C {Yi,X \ y}. 

On the space £q(.7>^) a solution of the initial- value problem to the BBGKY hierarchy is defined 
by a one-parametric mapping [24J with the following properties. 

Theorem 3.1. /f / € £^(^^-7^) and a > e, then the one-parametric mapping 

Ri 9 t ^ (U{t)f)s{Y) := V -TVs+i,...,s+n2li+„(t, Y,,X\Y)fs+n{X) (3.2) 

n=0 

is a Co-group. On the subspace £^ q C £^(.7-V^) the infinitesimal generator iB = ®^o®" of group 
(j3.2p is defined by the operator {s > 1) 

m)s{Y) := 

-K{Y)fs{Y) + ^ 1 J2 E ^Trs+i,...,s+n( - A/;S+"^)(n, . . .,Zk,X\Y)Un{X), ^^'^^ 

fc=l iij^...j^i,,=l n=l 

where on £g('Hs+n) C £^{Hs+n) the operator M^^^^ " is defined by formula (jl.lip . 



Proof. If / € £^(^7^) mapping (j3.2p is defined provided that a > e and the following estimate holds 

m 

r(i)/lli:i(^«)<c«||/||£i(^„), 

where Ca = e^(l — ^)~^ is a constant. Similar to ()2.3p this estimate conies out from the inequality 
for cumulant (13.11) 



l|2tl+n(t)/s+n||£lCH^+„) < nle" 1 1 /s+n II £lCH3+„)- 

The strong continuity property of the group U{t) over the parameter i G R^ is a consequence of 
the strong continuity of group (jl.ip of the von Neumann equation. 

We now construct an infinitesimal generator of group (j3.2p . Taking into account that for /„ G 
£o(Wn) equality (II. 4p holds, we differentiate the expression of cumulant (13. Ih in the sense of the 
point-by-point convergence. According to equality (|2.4p for n > 1, we derive 

lim ^2li+„(t, YuX\Y)fs+n^ps+n = 5Z ( " -^iSf ^"^) (^, ^ + 1, • • • , ^ + ")/,+„ V.+n = 

Z CY, 

'^' (3.4) 

fc=l ii^...^ij.=l 

where X^^cx ^^ * ^^^^ '-'^^^ ^^^ subsets Z C X of the set X. Then taking into account formula (jl.4p 
for n = 1 and equality (|3.4p for group ()3.2p we obtain 



\^,]mt)f),-fs)^Ps 



1 °° 1 1 

lim -(2li(t, Y)fs - fs)i^s + V -Trs+i,...,s+n hm -2ti+„(t, Yi, X\Y)f s+n^s = 

n=l 
oo ^ s -. s 

- A4/,^, + ^ -Tr,+i,...,,+„ ^ - ^ ( - A/-4f ")) (ii, . . . , ifc, X\y)V.. 

n=l ■ k=l ' i-^j^...j^if,=l 

Thus, if i!^ "^ I^(*B) C £^(^7^) we finally have in the sense of the norm convergence 

lnn||i(f/(t)/-/)-^/||,,(^^^=0, 
where the operator !B on i2^ q is given by formula (|3.3p . D 



We now give an example which illustrates the structure of infinitesimal generator (|3.3p . In the 
case of two-body interaction potential (II. 3p operator ()3.3p has the form (s > 1) 



(«/),(y) = -A4(y)/s(l') + ^Trs+i(-AA/^?)(i,s + l)/s+i(y,5 + l), (3.5) 



1=1 

where the operator A/"j„/ is defined on £q(7-^s_|_i) C £,^(TCs+i) by formula (jl.lip for n = 2. For 
Ti = L^(M^) in the framework of kernels of operators fs (s-particle density matrix or marginal 



distributions [llj ) operator ()3.5p takes a canonical form of a generator of the quantum BBGKY 
hierarchy [I], [21] 

{'^f)s{qi,...,qs;q'i,---,q's) = 

-{{-^iZ^^'>^-\')+ E {^^'\^^-^j)-^^'\i-i)))fs{<iu---.<is;q,,....i)- 

. s „ 

^E / dqs+i{^'^'^\qi -qs+i) - ^^"^Xq'i - qs+i))fs+i{qi, ■ ■ ■ qs,qs+i;qi, ■ ■ ■ ,q's,qs+i)- 
1=1 

In |llj.|24j for quantum and in the book [Ij for classical systems of particles with a two-body 
interaction potential, an equivalent representation for group p.2p was used, namely for the case 
under consideration the group U{t) has the following representation 

oo ^ 

U{t) = g{-t) + ^ - [ a, . . . , [a, g{-t)] ...]= e-Q{-t)e-\ (3.6) 

n-times 

where [ • , • ] is a commutator, the operator a (an analog of the annihilation operator) is defined on 
the space S^^JyT-u) by the formula 

(a/)^(y):=TYs+i/.+i(y,s + l), (3.7) 

the operators e^° are defined on the space £^(^7-^) by the expansions 

(e±V)3(^) = E ^^T>s+i,...,s+„/s+n(l^, s + 1, . . . , s + n), s>\. 

and the group of operators Q{—t^ is defined by expression (jl.ip . Representation (j3.6p is true in 
consequence of definition (13. 7p of the operator a and the validity of an equality for every s > 1 

( [ a, . . . , [a, e^(-t)] . . . ] /)^(y) = Trs+i,...,s+n2li+„(t, Fi, X\y)/,+„(X), 

n-times 

where the notations are similar to that in (j3.ip . For example, since for an isometric group Qi^—t) 
and trace class operators / the following equality holds 

Trs+i^i(-t, s + l)/.+i(y, s + 1) = Tr,+i/,+i(y, s + 1). (3.8) 

then if n = 1 we have 

([o,g(-t)]/)^(y) = Trs+i(as+i(-t,y,s + i)/3+i(y,s + i)-g,(-i,y)/,+i(y,s + i)) = 

Tr,+i2t2(t, Fi, s + l)/,+i(y, s + 1). 



We note that cluster expansions (jl.Sp can be put into basis of all possible representations of a 
group of operators for the quantum BBGKY hierarchy. In fact representation (13. 6p we obtain solving 
recurrence relations (jl.Sp with respect to the Isi-order cumulants for the separation terms which are 
independent from the variable Y 

2ii+„(t,Fi,x\y)= Y. 2ii(t,yuz) Y. (-i)''''!P|!nllS(*'^^)' 

z<zx\Y P: (x\y)\z=u,x. 



where ^zcx\Y ^^ ^ ^^^^ °^^^ ^^^ subsets Z C X\Y of the set X\Y. Then taking into account 
equaUty (|3.8p and 



J2 (-l)|P||P|! = (-l)l(^\^)\^l, (3.9) 

P: {X\Y)\Z=\J,X, 

for the group U{t) we have 

oo ^ 

{U{t)f)^{Y) = ^ -Tr.+i,...,.+. j; (-l)l(^\^)\^lg|yuz|(-t,l^UZ)/|x|(X). 

ri=0 ■ ZgX\Y 

Thus as a result of the symmetry property and definition (13.71) of the operator a we derive (13. 6j) 

oo ^ n . 

n=0 fc=0 ^ ^ 

We can obtain one more representation of the group U{t) solving recurrence relations (jl.Sp with 
respect to the Ist-order and 2nd-order cumulants. In fact if n > 1 we get 

2ii+„(t,yi,x\y)= Yl Mt,Y,z) Yl (-i)''''|P|!nl=i^i(*'^^)- 

ZCX\Y, P: {X\Y)\Z=\J^X, 

Z^% 



Then taking into account equalities (j3.8p and (j3.9p we derive 



oo ^ 

([/(t)/)^(y) = 2ii(t,y)/,(y) + j;-TVs+i,...,s+n J^ (-i)i(^\^)\^i2i2(t,y,z)/,+„(x). 



n! 

n=l ZCX\Y, 

Z^% 



An infinitesimal generator of a group of operators (j3.6p has the following form 

oo ^ 

® = -AT + ^ - [ a, . . . , [o, (-A/-)] . . . ] = e"(-A/-)e-«. (3.10) 



n! 

n=l 

n-times 



Representation (|3.10p is true in consequence of definition (j3.7p of the operator a and the validity of 
equalities 



n-times 

n s+n 

^(-1)'= ^ Tr,+i,...,s+n(-AA,+„_fc(y,ii,...,i„_fc))/,+„(X) = 

fc=0 Ji<...<j„_fc=s+1 

E ^ E Tr,+i,...,,+,( - AA;(f,+"))(ii, . . . ,i,,X\y)/,+„(X). 

fc=l ■ ii7^...^jfe = l 

For a system of particles interacting through a two-body potential this equality reduces to the 
following one 



([A/-,a]/)^(y) = ^Trs+i(-AA/,?)(z,. + l)/.+i(y,. + l) 



that is true in view of the equality: Trs+iA/i(s + l)/s+i(y, s + 1) = 0. 
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4 Group of Operators for the Quantum Dual BBGKY Hierarchy 

The evolution of marginal observables of both finitely and infinitely many quantum particles is 
described by the initial-value problem to the dual BBGKY hierarchy. This hierarchy of equations 
is dual to the quantum BBGKY hierarchy in the sense of bilinear form (jl.Sp and for finitely many 
particles one is an equivalent to the Heisenberg equation (the dual von Neumann equation). For 
systems of classical particles the dual BBGKY hierarchy was examined in p] . |25j . [26] . 

In this section we will use such abridged notations: Y = (l,...,s), X = Y\{ji, . . . ,js-n}- 
According to notations of section 2, the set {Y\X)i consists of one element Y\X = (j'l, . . . ,js-n), 
i.e. the set {ji, ■ ■ ■ ,js-n) is connected subset of the partition P (|P| = 1). In the case under 
consideration the dual cumulants 2l^_^^(t), n > 0, of groups (jl.6p are defined by the formula 

2l+,„(t,(y\X)i,X) := Yl (-I)I^I'^IPI -1)! n S\x.\ii,^^)^ (4.1) 

P:{{y\X)i,X}=U,X. X,CP 

where ^p is the sum over all possible partitions P of the set {{Y\X)i,ji, . . . ,js-n} into |P| nonempty 
mutually disjoint subsets Xi C {(Y\X)i,X}. 

On the space £^(^-^) a solution of the initial-value problem to the dual BBGKY hierarchy is 
defined by a one-parametric mapping (the adjoint mapping to (|3.2p in the sense of bilinear form 
(jl.5p ) with the following properties. 

Theorem 4.1. If g & £^{J-''h) and 7 < e^^ , then the one-parametric mapping 

R'3t^{U+{t)g)^{Y):= 

iZuhv ^ ^Un{t,(Y\X),,X)g,^^iY\X), s>l ^^-^^ 

is a Cq -group. The infinitesimal generator 03"'" = ©^o^n ^f ^^^-^ group of operators is a closed 
operator for the *-weak topology and on the domain of the definition 2?(*B"'") C £^{J-'-}-i) which is the 
everywhere dense set for the *-weak topology of the space £^(.F-^) it is defined by the operator 

{^+g),{Y):=NsiY)g,{Y)+ 

E;^ E jkhv ^ J^!::^n,---,Jk)9s-n{Y\{n,...,j^}), ^^-'^ 

n=l k=n+l ^ ' ji^...^jfc=l 

where the operator M^^J^ is given by formula (jl.lip . 

Proof. If g £ £^(jr^) mapping ()4.2p is defined provided that 7 < e^^ and the following estimate 
holds 

Similar to ()2.3p this estimate comes out from the inequality 

n=0 ^ '' ji7^-7^js-«=l P:{Y\X)i,X}=[J^X, 

S , 71+1 

E llg^-"||£(H.-„) ^,/l ^, E ^(™ + 1' ^)(^ - 1)'' 

71=0 '^ '' k = l 
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where s(n + 1, k) is the Stirhng numbers of the second kind. 

On the space 2.^{!F'h) the *-weak continuity property of the group U~^{t) over the parameter 
t G M^ is a consequence of the *-weak continuity of group (|1.6p of the Heisenberg equation [ID] . 

To construct an infinitesimal generator of the group {U'^{t)}t&R we firstly differentiate the nth- 
term of expansion (j4.2|) in the sense of the point-by-point convergence of the space £^. If <? € ViN) C 
^■^{^h) similar to equality ()1.12p for (1 + n)t/i-order dual cumulant ()4.ip . n > 1, we derive 

iimi2i+,„(t,(y\x)i,x)5.-„(y\x)V's = Y. Ar/ifi+")(z,x)g,_„(y\x)V'. = 

Z C Y\X, 

^^0 (4.4) 

fc=i n7^...7^ifee{ii,...,is-n} 
Then according to equalities (jl.7p and (j4.4p for group (j4.2p we obtain 

lim -(([/+ (t)5)^ - 5,)^, = lini 1(21+ (t)5s - 5s) V's+ 

E 773;^ E lmi^2l+,„(t,(y\X)i,X)5.-„(n^)V. = 

s s ^ s 

Ns9s^s + Y.~\ E (k-n]\ ^ AA/^t^(jl,...,jfc)(7s-n(i^\{jl,...,Jn})V's, 

„=1 • fc=n+l '^ '■ j^^...^jf^=l 

where we used the identity 

s ^ s s ^ s 

^~\ E gs~n{Y\{ji,...,3n})=Y—^^ E 9n{jl,---,jn) (4.5) 

which is valid in view of the Maxwell-Boltzmann statistics symmetry property. 

Thus if 5 € 15(03+) C £^(jr^) in the sense of the *-weak convergence of the space il^{T'n) we 
finally have 

w*- lim (i {U+it)g -g)- ^+g) = 0, 

where the generator 55+ = 0J^o^n °^ group (|4.2p is given by formula (j4.3p (the dual operator to 
generator (13. 3p ). D 



We now give examples of expansion ()4.2p and infinitesimal generator (14. 3p . The sequence 5 = 
(0,5i(l),0, . . . ) corresponds to the additive-type observable [25] and in this case expansion (j4.2p for 
the group f/+(t) get the form 

s 

{U+{t)g)s{Y) = 2l+(t, 1, . . . , s) E^iOO, 5 > 1- 

i=i 

In the case of two-body interaction potential ()1.3p operator ()4.3p has the form 

{^^gUY)=Ms{Y)g,{Y)+ E A/'iS(ji, J2)5s-i(n{ii}), ^ > 1, (4-6) 
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where the operator N"^^^ is defined by formula (jl.lip for n = 2. If 7Y = L^(M^) in terms of kernels of 
operators gs, s > 1, for expression (|4.6p we have 



{^+g)s{qi,...,qs;q'i,---,q's 



'' f E(-^''^+^^)+ E {'^^'\1'^-1J)-'^^'H^^-^J)))9s{ql,...,qs■,q[,...,q's) 



s 

^ Y^ (^(2)(^/ _ ^/) _ ^(2)(^^ _ q^))g^__^^q^^ . . . , V, . . . , g,; g'l, . . . , V, . . . , q'J, 

j 
where ((?!,..., V, ..., gs) = (qi, . . . , Qj-i, Qj+i, ■ ■ ■ , qs)- This expression for a system of classical parti- 
cles is defined as a generator of the dual BBGKY hierarchy stated in [T].|25j. 

In the paper [25] for classical systems of particles an equivalent representation of group ()4.2p was 
used, namely for the case under consideration group the U~^{t) has the following representation 

oo ^ 

^+(t) = a(t) + ^^[...[e(t),a+],...,a+]=e-^^a(t)e'^^ (4.7) 

n-times 

where [ . , .1 is a commutator, the operator a"*" (an analog of the creation operator) is defined on the 
space £,^{J^'j-c) by the formula 

{a+g)^{Y):=J29s-iiY\{j}), (4.8) 

i=i 

the operators e^" are defined on the space £^(^7^) by the expansions 

* (-i--\\n ^ 

(e^"%)s(n = EH^ E 9s-n{Y\{n,...,Jn}), S>1. 

and the group of operators Q{t) is defined by expression (jl.6p . 

Representation (j4.7p is true in consequence of definition (j4.8p of the operator a^ and the validity 
of the equality 



(l[...[(?(t),a+]__a+]5),(y) = 
n-times 

77^ E ^t+n{tdy\X)i,X)g,^„{Y\X), s>l, 

where X = Y\{ji, . . . , j'^-n} and Y\X = (ji, . . . ,js-n)- For example, if n = 1 we have 

s 

{[g{t),a+]g)^{Y) = ^ {g,{t,Y)-g,.,{t,Y\{j}))g,^,{Y\{j}) = 

^2i+(t,(n{i})i,i)5.-i(n{j}) 
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(4.^ 



and since identity ()4.5p holds we obtain equality (j4.9p . 

We can obtain one more representation of the group U~^{t), if we express the dual cumulants 
2t^+„(t), n > 1, of groups p.6p with respect to the Ist-order and 2nd-ovdev dual cumulants. In fact 
it holds 

2i+,„(t,(n^)i,x) = ^ Qit{t,Y\x,z) Yl (-1)"'' |p|' n!=i2i|(*'^0' 

ZCX, P:X\Z=[J^X, 

where '^zcx, is a sum over all nonempty subsets Z C X of the set X. Then taking into account an 
identity 

Y^ (-1)|P| |P|! nll',2l+(t,X,)5.-„(n^) = Y (-1)"'' n9s-n{Y\X) 

P:X\Z=\J^X, ' P:X\Z=[j^X, 

and equality (j3.9p we get the following representation of the group U^{t) 
{U+it)g)^iY)=^i{t,Y)gs{Y) + 

n=l ^ ^' ji^...^j,_„=l ZCX, 

Z^0 

An infinitesimal generator of group (j4.7p has the following form 

03+ = AA + ^ -^ [ . . . [A/-, a+] , . . . , a+ ] = e-°^A/'e»^. (4.10) 



n! 

n=l 



n-times 



Representation (|4.1Up is true in consequence of definition (|4.8p of the operator o+ and the validity 
of an identity 

([...[A/-,a+],...,a+]5),(r)= ^ -^ ^ <t^(ji, • • • ,Jfc)5.-n(n{ji, • • • ,Jn}), 
n-times 
which in the case of a two-body interaction potential reduces to the following one 

s 

{[M,a^]9)^{Y)= Y. ^il}{h,j2)gs-i{Y\{h]). 

5 Conclusion 

The concept of cumulants ()1.9p of groups (jl.ip of the von Neumann equations forms the basis of group 
expansions for quantum evolution equations, namely, the von Neumann hierarchy for correlation 
operators [2^, as well as the BBGKY hierarchy for s-particle density operators pi] and the dual 
BBGKY hierarchy [26]. In the case of quantum systems of particles obeying Fermi or Bose statistics 
groups ()2.ip . ()3.2p and ()4.2p have different structures. The analysis of these cases will be given in a 
separate paper. 

We have stated the properties of groups ()2.ip and (13. 2p on the space £q(^-h) and dual group (14. 2p 
on 2,^{T'h)- To describe the evolution of infinitely many particles pj it is necessary to define the 
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one-parametric family of operators (j3.2p on more general spaces than £^(^-^^), for example, on the 
space of sequences of bounded operators containing the equilibrium states [22]. For dual group (j4.2p 
the problem lies in the definition of functional (|1.5|) for operators from the corresponding spaces. In 
both these cases every term of the corresponding expansions contains the divergent traces [I] , [M] ; [25] 
and the analysis of such a question for quantum systems remains an open problem. 

On the space £^(^-^) one-parametric mapping (j4.2p is not a strong continuous group. The group 
{U~^{t)}t£R of operators (j4.2p defined on the space £^(.7^-^) is dual to the strong continuous group 
{U{t)}t£R of operators (|3.2p for the BBGKY hierarchy defined on the space £,l^{T'n) and the fact 
that one is a Cg-group follows also from general theorems about properties of the dual semigroups 

mm- 

As mention above the group {Q{—t)}t£R of operators (jl.ip preserves positivity [16], [18]. The 
same property must be valid for the group {C/(t)}(giR of operators (|3.2p for the BBGKY hierarchy, 
but how to prove this property one is an open problem. 

We have constructed infinitesimal generators ()2.2p . (jS.Sp on the subspace £^ q C £^(.F-^) and 
generator (j4.3p on X'(53+) C £^(.7>^). The question of how to define the domains of the defini- 
tion I?(9I),I?(53) and V{^^) of corresponding generators ()2.2p . (13. 3p and ()4.3p is an open problem 

[131, [Ta. 
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